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Figure 6 Comparison of 𝐸𝐸���� between proposed formula and numerical calculation for target ships. 

Figure 7 Comparison of 𝐸𝐸���� between proposed formula and numerical calculation for target ships. 

Figure 8 Comparison of 𝐸𝐸���� between proposed formula and numerical calculation for target ships. 
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Development of Closed Formula of Wave Load Based Upon Long-Term Prediction*1 
― Heave Acceleration and Pitch Angle ― 

Kyohei SHINOMOTO, Sadaoki MATSUI**, Kei SUGIMOTO*, Shinsaku ASHIDA*** 

1. INTRODUCTION

Ship designers need to be able to reasonably estimate hull motion in waves from various aspects such as passenger safety,
ride comfort and wave loads for ship designs. Nowadays, hull motion in waves is accurately estimated by seakeeping analysis 
tools such as the 3-D panel method and the estimation is practically used for all hull design and standard development 1). At the 
same time, however, there also is high demand for methods which allow for more simple estimations of hull motion to be made 
that do not rely on numerical analysis. For example, in wave load estimations for structural strength evaluations, it can be quite 
difficult to perform a wave load analysis for each ship due to the amount of time it would add to the hull structure design process. 
For this reason, a simple estimation method based upon a simple wave load formula using main ship parameters is typically 
adopted for classification society rules 2) 3). 

Many prior studies of this matter have estimated the maximum loads of ships through statistical prediction of hull response 
in irregular waves using the energy spectrum method that applies the theory of linear superposition 4) 5). The linear term of the 
maximum load specified in some classification society rules 2) 3) is also specified to be equivalent to the long-term predicted 
value of exceedance probability of 10−8. Based upon this, it can be said that long-term prediction is an established method for 
estimating the linear term of the maximum load. 

Aim of our larger study the development of a general-purpose and high precision closed formula for maximum loads with an 
exceedance probability of 10−8 by formulating the long-term prediction for ships of any size or type. A past study by Kawabe 
et al. 6) had a similar purpose but proposed a method for predicting maximum loads based upon structural analysis using 
calculation results obtained through a strip method and the long-term prediction of stress. Moreover, since the Kawabe et al. 
and Shigemi et al. 7) study made no attempt to formulate the standard deviation of the hull response in irregular waves. In 
addition, the study only focused on bulk carriers and oil tankers, it is difficult to use its results to guarantee the accuracy for 
other types and sizes of ships. This study, on the other hand, takes into account the standard deviation of the hull response in 
irregular waves and the directional distribution of irregular waves. Main ship parameters such as ship length 𝐿𝐿, breadth 𝐵𝐵, draft 
d, block coefficient 𝐶𝐶𝑏𝑏,, and water line area coefficient 𝐶𝐶𝑤𝑤 were used for formulating the long-term prediction. Dominant 
factors and their trends were examined step by step and the formula that does not limit target types and sizes of ships was 
developed. The accuracy of this formula was then confirmed through numerical calculations using a model to represent any type 
and size of ship. We believe that in this manner we were able to develop a general-purpose and high precision closed formula 
for practical use. 

This paper focused on heave acceleration and pitch angle. Since internal loads, etc. in the structural rules require an inclined 
component due to rotational motion, an angle was focused on for pitch motion. 

Response amplitude operator (hereinafter, referred to as “RAO”) obtained from a numerical calculation were used for RAO 
contained in the closed formula. The closed formula of RAO proposed by Jensen et al. 8) and Matsui et al. 9) can be used as RAO 
contained in the closed formula. 

A flow diagram for obtaining a long-term predicted value with an exceedance probability of 10−8 is shown in Fig. 1. The 
long-term prediction can be divided into components, and these components are expressed as formulae explained in Sec. 4 
onwards. The long-term prediction was formulated by developing these components using theoretical approaches as much as 
possible. Although we found it difficult to mathematically formulate some components, we were able to formulate them by 

*1 This article was announced at the 39th International Conference on Offshore Mechanics and Arctic Engineering (OMAE 2020)
held in June 2020.
 Hull Rules Development Department, NIPPON KAIJI KYOKAI (ClassNK)
** National Maritime Research Institute
*** Kawasaki Heavy Industries, Ltd. temporary affiliated with NIPPON KAIJI KYOKAI (ClassNK)
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taking advantage of the diversity and total number of vessels used for the numerical calculations. 

 
Figure 1 Flow diagram for formulated long-term prediction 

2. NUMERICAL CALCULATIONS OF LINEAR ANALYSIS 

In order to confirm the accuracy of our proposed closed formula, a numerical calculation with linear seakeeping analysis code 
developed by ClassNK was performed. The linear code is a 3-dimensional code based upon the Green function method which 
takes the forward speed effect approximation method proposed by Papanikolau et al. into account 10) 11). Sugimoto et al. validated 
the accuracy of this code by towing tank tests 1). The responses, i.e. motions and hull girder bending moment, calculated by this 
code and the values measured under the low-wave-height condition were in good agreement. However, it should be understood 
that there are some limitations to this code, and that these limitations may cause a slight discrepancy between the experimental 
and calculated values. One such example is the error between the experimental and calculated values that is expected to result 
from the fact that the panel size of the calculation model is relatively rough with respect to wavelength. 

One hundred fifty-four models (77 existing ships × 2 loading conditions per ship) were used for the numerical calculation. 
Since the formula is intended to be applied to only general merchant ships, the target ships were limited to monohulls that had 
symmetrical shapes below their waterlines. As shown in Fig. 2, various types of vessels (such as bulk carriers, container carriers, 
wood chip carriers, general cargo carriers, liquefied gas carriers (LNG, LPG), ore carriers, oil tankers, vehicle carriers, and 
refrigerated carriers) were used so as to cover a wide range of values for 𝐿𝐿, 𝐶𝐶� and 𝐶𝐶�. In addition, forward speed was set at 
five knots in consideration of the decrease in ship speed with respect to high wave height, in reference to the Common Structural 
Rules for Bulk Carriers and Oil Tankers of the International Association of Classification Societies (hereinafter referred to as 
“IACS”) 12). 

 
(A) No. of Vessels by Length                      (B) No. of Vessels by 𝐶𝐶� and 𝐶𝐶� 

Figure 2 Histogram of vessels used for confirmation 

3. SEA STATE CONDITIONS 

As shown in Fig. 3, the scatter diagram in IACS Recommendation No. 34 13) was used for sea state conditions. 
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Figure 3 IACS Rec. 34 scatter diagram 13) 

4. CLOSED FORMULA OF LONG-TERM PREDICTION 

By approximating probability distribution of responses in short-term irregular sea state in which extreme value 𝑎𝑎 exceed 
threshold 𝑎𝑎� by the Rayleigh distribution, multiplying it with the occurrence probability of the short-term irregular sea state 
and integrating it numerically, the probability ��𝑎𝑎 > 𝑎𝑎�� of exceeding the 𝑎𝑎� can be expressed as equation (1). This method 
was proposed in the mid-1960s and have been widely used as a standard method for long-term prediction in our country 14). 

 

��𝑎𝑎 > 𝑎𝑎�� = 1
2𝜋𝜋� 〈� exp �− 𝑎𝑎��

2�𝐻𝐻�𝜎𝜎�𝑇𝑇�, 𝜒𝜒����
�

�
𝑝𝑝�𝐻𝐻�, 𝑇𝑇��𝑑𝑑𝑑𝑑�𝑑𝑑𝑑𝑑�〉

��

�
𝑑𝑑𝑑𝑑 (1) 

 
where 
𝑎𝑎 : Extreme value 
𝑎𝑎� : Threshold of j mode (independent variable) 
𝐻𝐻� : Significant wave height 
𝜎𝜎�𝑇𝑇�, 𝜒𝜒� : Standard deviation per unit significant wave height in short-term irregular sea state 
𝑝𝑝�𝐻𝐻�, 𝑇𝑇�� : Occurrence probability density of short-term irregular sea state 
𝑇𝑇� : Zero-up cross mean wave period in short-term irregular sea state 
𝜒𝜒 : Mean wave direction in short-term irregular sea state 
 
In equation (1), the angle of encounter between the waves and the ship is assumed to be uniformly distributed because a ship 

sailing for long periods of time is likely to encounter waves in all directions. Assuming that the mean wave period of a short-
term irregular sea state is 10 seconds, the number of waves that a ship encounters throughout its lifetime is approximately 108. 
For this reason, an exceedance probability of 10−8 is assumed when making long-term predictions. 

In this study, the most severe short-term sea state theory proposed by Kawabe et al. 6) 14) 15) was applied: the maximum value 
around the exceedance probability of 10−8 is dominated by the hull response in the most severe short-term sea state where the 
short-term parameter (standard deviation of hull response 𝐻𝐻𝑠𝑠𝜎𝜎�𝑇𝑇𝑧𝑧, 𝜒𝜒�) of the hull response is maximized in the short-term 
irregular sea state constituting the long-term distribution. The maximum value of the response in the short-term irregular sea 
state (exactly the maximum value in the zero-up-cross mean wave period) can be approximated by the Rayleigh distribution 
because the spectrum of the response is a narrow band. In addition, the most severe short-term sea state that causes a long-term 
maximum load with an exceedance probability of 10−8 is defined as the short-term irregular sea state with the largest short-
term parameter. Therefore, the expression in 〈 〉 of equation (1) is approximated as equation (2). 

 

� exp�− 𝑎𝑎��
2�𝐻𝐻�𝜎𝜎�𝑇𝑇�, 𝜒𝜒����

�

�
𝑝𝑝�𝐻𝐻�, 𝑇𝑇��𝑑𝑑𝑑𝑑�𝑑𝑑𝑑𝑑� = �exp �− 𝑎𝑎��

2�𝐻𝐻�_�𝜎𝜎���
�  𝑝𝑝�𝐻𝐻�_�, 𝑇𝑇�_�� ∆𝐻𝐻�∆𝑇𝑇� 

≈ exp �− 𝑎𝑎��
2�𝐻𝐻�_���𝜎𝜎�����
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(2) 

Hs/Tz 1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5 10.5 11.5 12.5 13.5 14.5 15.5 16.5 17.5 18.5 SUM
0.5 0 0 1.3 133.7 865.6 1186 634.2 186.3 36.9 5.6 0.7 0.1 0 0 0 0 0 0 3050.4
1.5 0 0 0 29.3 986 4976 7738 5569.7 2375.7 703.5 160.7 30.5 5.1 0.8 0.1 0 0 0 22575.4
2.5 0 0 0 2.2 197.5 2158.8 6230 7449.5 4860.4 2066 644.5 160.2 33.7 6.3 1.1 0.2 0 0 23810.4
3.5 0 0 0 0.2 34.9 695.5 3226.5 5675 5099.1 2838 1114.1 337.7 84.3 18.2 3.5 0.6 0.1 0 19127.7
4.5 0 0 0 0 6 196.1 1354.3 3288.5 3857.5 2685.5 1275.2 455.1 130.9 31.9 6.9 1.3 0.2 0 13289.4
5.5 0 0 0 0 1 51 498.4 1602.9 2372.7 2008.3 1126 463.6 150.9 41 9.7 2.1 0.4 0.1 8328.1
6.5 0 0 0 0 0.2 12.6 167 690.3 1257.9 1268.6 825.9 386.8 140.8 42.2 10.9 2.5 0.5 0.1 4806.3
7.5 0 0 0 0 0 3 52.1 270.1 594.4 703.2 524.9 276.7 111.7 36.7 10.2 2.5 0.6 0.1 2586.2
8.5 0 0 0 0 0 0.7 15.4 97.9 255.9 350.6 296.9 174.6 77.6 27.7 8.4 2.2 0.5 0.1 1308.5
9.5 0 0 0 0 0 0.2 4.3 33.2 101.9 159.9 152.2 99.2 48.3 18.7 6.1 1.7 0.4 0.1 626.2

10.5 0 0 0 0 0 0 1.2 10.7 37.9 67.5 71.7 51.5 27.3 11.4 4 1.2 0.3 0.1 284.8
11.5 0 0 0 0 0 0 0.3 3.3 13.3 26.6 31.4 24.7 14.2 6.4 2.4 0.7 0.2 0.1 123.6
12.5 0 0 0 0 0 0 0.1 1 4.4 9.9 12.8 11 6.8 3.3 1.3 0.4 0.1 0 51.1
13.5 0 0 0 0 0 0 0 0.3 1.4 3.5 5 4.6 3.1 1.6 0.7 0.2 0.1 0 20.5
14.5 0 0 0 0 0 0 0 0.1 0.4 1.2 1.8 1.8 1.3 0.7 0.3 0.1 0 0 7.7
15.5 0 0 0 0 0 0 0 0 0.1 0.4 0.6 0.7 0.5 0.3 0.1 0.1 0 0 2.8
16.5 0 0 0 0 0 0 0 0 0 0.1 0.2 0.2 0.2 0.1 0.1 0 0 0 0.9

SUM: 0 0 1.3 165.4 2091.2 9279.9 19921.8 24878.8 20869.9 12898.4 6244.6 2479 836.7 247.3 65.8 15.8 3.4 0.7 100000
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taking advantage of the diversity and total number of vessels used for the numerical calculations. 

 
Figure 1 Flow diagram for formulated long-term prediction 

2. NUMERICAL CALCULATIONS OF LINEAR ANALYSIS 

In order to confirm the accuracy of our proposed closed formula, a numerical calculation with linear seakeeping analysis code 
developed by ClassNK was performed. The linear code is a 3-dimensional code based upon the Green function method which 
takes the forward speed effect approximation method proposed by Papanikolau et al. into account 10) 11). Sugimoto et al. validated 
the accuracy of this code by towing tank tests 1). The responses, i.e. motions and hull girder bending moment, calculated by this 
code and the values measured under the low-wave-height condition were in good agreement. However, it should be understood 
that there are some limitations to this code, and that these limitations may cause a slight discrepancy between the experimental 
and calculated values. One such example is the error between the experimental and calculated values that is expected to result 
from the fact that the panel size of the calculation model is relatively rough with respect to wavelength. 

One hundred fifty-four models (77 existing ships × 2 loading conditions per ship) were used for the numerical calculation. 
Since the formula is intended to be applied to only general merchant ships, the target ships were limited to monohulls that had 
symmetrical shapes below their waterlines. As shown in Fig. 2, various types of vessels (such as bulk carriers, container carriers, 
wood chip carriers, general cargo carriers, liquefied gas carriers (LNG, LPG), ore carriers, oil tankers, vehicle carriers, and 
refrigerated carriers) were used so as to cover a wide range of values for 𝐿𝐿, 𝐶𝐶� and 𝐶𝐶�. In addition, forward speed was set at 
five knots in consideration of the decrease in ship speed with respect to high wave height, in reference to the Common Structural 
Rules for Bulk Carriers and Oil Tankers of the International Association of Classification Societies (hereinafter referred to as 
“IACS”) 12). 

 
(A) No. of Vessels by Length                      (B) No. of Vessels by 𝐶𝐶� and 𝐶𝐶� 

Figure 2 Histogram of vessels used for confirmation 

3. SEA STATE CONDITIONS 

As shown in Fig. 3, the scatter diagram in IACS Recommendation No. 34 13) was used for sea state conditions. 
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Figure 3 IACS Rec. 34 scatter diagram 13) 

4. CLOSED FORMULA OF LONG-TERM PREDICTION 

By approximating probability distribution of responses in short-term irregular sea state in which extreme value 𝑎𝑎 exceed 
threshold 𝑎𝑎� by the Rayleigh distribution, multiplying it with the occurrence probability of the short-term irregular sea state 
and integrating it numerically, the probability ��𝑎𝑎 > 𝑎𝑎�� of exceeding the 𝑎𝑎� can be expressed as equation (1). This method 
was proposed in the mid-1960s and have been widely used as a standard method for long-term prediction in our country 14). 

 

��𝑎𝑎 > 𝑎𝑎�� = 1
2𝜋𝜋� 〈� exp �− 𝑎𝑎��

2�𝐻𝐻�𝜎𝜎�𝑇𝑇�, 𝜒𝜒����
�

�
𝑝𝑝�𝐻𝐻�, 𝑇𝑇��𝑑𝑑𝑑𝑑�𝑑𝑑𝑑𝑑�〉

��

�
𝑑𝑑𝑑𝑑 (1) 

 
where 
𝑎𝑎 : Extreme value 
𝑎𝑎� : Threshold of j mode (independent variable) 
𝐻𝐻� : Significant wave height 
𝜎𝜎�𝑇𝑇�, 𝜒𝜒� : Standard deviation per unit significant wave height in short-term irregular sea state 
𝑝𝑝�𝐻𝐻�, 𝑇𝑇�� : Occurrence probability density of short-term irregular sea state 
𝑇𝑇� : Zero-up cross mean wave period in short-term irregular sea state 
𝜒𝜒 : Mean wave direction in short-term irregular sea state 
 
In equation (1), the angle of encounter between the waves and the ship is assumed to be uniformly distributed because a ship 

sailing for long periods of time is likely to encounter waves in all directions. Assuming that the mean wave period of a short-
term irregular sea state is 10 seconds, the number of waves that a ship encounters throughout its lifetime is approximately 108. 
For this reason, an exceedance probability of 10−8 is assumed when making long-term predictions. 

In this study, the most severe short-term sea state theory proposed by Kawabe et al. 6) 14) 15) was applied: the maximum value 
around the exceedance probability of 10−8 is dominated by the hull response in the most severe short-term sea state where the 
short-term parameter (standard deviation of hull response 𝐻𝐻𝑠𝑠𝜎𝜎�𝑇𝑇𝑧𝑧, 𝜒𝜒�) of the hull response is maximized in the short-term 
irregular sea state constituting the long-term distribution. The maximum value of the response in the short-term irregular sea 
state (exactly the maximum value in the zero-up-cross mean wave period) can be approximated by the Rayleigh distribution 
because the spectrum of the response is a narrow band. In addition, the most severe short-term sea state that causes a long-term 
maximum load with an exceedance probability of 10−8 is defined as the short-term irregular sea state with the largest short-
term parameter. Therefore, the expression in 〈 〉 of equation (1) is approximated as equation (2). 

 

� exp�− 𝑎𝑎��
2�𝐻𝐻�𝜎𝜎�𝑇𝑇�, 𝜒𝜒����

�

�
𝑝𝑝�𝐻𝐻�, 𝑇𝑇��𝑑𝑑𝑑𝑑�𝑑𝑑𝑑𝑑� = �exp �− 𝑎𝑎��

2�𝐻𝐻�_�𝜎𝜎���
�  𝑝𝑝�𝐻𝐻�_�, 𝑇𝑇�_�� ∆𝐻𝐻�∆𝑇𝑇� 

≈ exp �− 𝑎𝑎��
2�𝐻𝐻�_���𝜎𝜎�����

�  𝑝𝑝�𝐻𝐻�_���, 𝑇𝑇�_����∆𝐻𝐻�∆𝑇𝑇� 

(2) 

Hs/Tz 1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5 10.5 11.5 12.5 13.5 14.5 15.5 16.5 17.5 18.5 SUM
0.5 0 0 1.3 133.7 865.6 1186 634.2 186.3 36.9 5.6 0.7 0.1 0 0 0 0 0 0 3050.4
1.5 0 0 0 29.3 986 4976 7738 5569.7 2375.7 703.5 160.7 30.5 5.1 0.8 0.1 0 0 0 22575.4
2.5 0 0 0 2.2 197.5 2158.8 6230 7449.5 4860.4 2066 644.5 160.2 33.7 6.3 1.1 0.2 0 0 23810.4
3.5 0 0 0 0.2 34.9 695.5 3226.5 5675 5099.1 2838 1114.1 337.7 84.3 18.2 3.5 0.6 0.1 0 19127.7
4.5 0 0 0 0 6 196.1 1354.3 3288.5 3857.5 2685.5 1275.2 455.1 130.9 31.9 6.9 1.3 0.2 0 13289.4
5.5 0 0 0 0 1 51 498.4 1602.9 2372.7 2008.3 1126 463.6 150.9 41 9.7 2.1 0.4 0.1 8328.1
6.5 0 0 0 0 0.2 12.6 167 690.3 1257.9 1268.6 825.9 386.8 140.8 42.2 10.9 2.5 0.5 0.1 4806.3
7.5 0 0 0 0 0 3 52.1 270.1 594.4 703.2 524.9 276.7 111.7 36.7 10.2 2.5 0.6 0.1 2586.2
8.5 0 0 0 0 0 0.7 15.4 97.9 255.9 350.6 296.9 174.6 77.6 27.7 8.4 2.2 0.5 0.1 1308.5
9.5 0 0 0 0 0 0.2 4.3 33.2 101.9 159.9 152.2 99.2 48.3 18.7 6.1 1.7 0.4 0.1 626.2

10.5 0 0 0 0 0 0 1.2 10.7 37.9 67.5 71.7 51.5 27.3 11.4 4 1.2 0.3 0.1 284.8
11.5 0 0 0 0 0 0 0.3 3.3 13.3 26.6 31.4 24.7 14.2 6.4 2.4 0.7 0.2 0.1 123.6
12.5 0 0 0 0 0 0 0.1 1 4.4 9.9 12.8 11 6.8 3.3 1.3 0.4 0.1 0 51.1
13.5 0 0 0 0 0 0 0 0.3 1.4 3.5 5 4.6 3.1 1.6 0.7 0.2 0.1 0 20.5
14.5 0 0 0 0 0 0 0 0.1 0.4 1.2 1.8 1.8 1.3 0.7 0.3 0.1 0 0 7.7
15.5 0 0 0 0 0 0 0 0 0.1 0.4 0.6 0.7 0.5 0.3 0.1 0.1 0 0 2.8
16.5 0 0 0 0 0 0 0 0 0 0.1 0.2 0.2 0.2 0.1 0.1 0 0 0 0.9

SUM: 0 0 1.3 165.4 2091.2 9279.9 19921.8 24878.8 20869.9 12898.4 6244.6 2479 836.7 247.3 65.8 15.8 3.4 0.7 100000
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where 
𝐻𝐻�_��� : Significant wave height in most severe short-term sea state 
𝑇𝑇�_��� : Zero-up cross mean wave period in most severe short-term sea state 
𝜎𝜎��� : Standard deviation per unit significant wave height in most severe short-term sea state 
 
This allows the threshold of which probability of exceedance correspond to 10�� to be approximated as equation (3). 
 

𝑎𝑎�|������ ≈
1

2𝜋𝜋� exp �− 𝑎𝑎��
2�𝐻𝐻�_���𝜎𝜎�����

�
��

�
× ��𝐻𝐻�_���, 𝑇𝑇�_����∆𝐻𝐻�∆𝑇𝑇� 𝑑𝑑𝑑𝑑 (3) 

 
Assuming that the duration of the short-term irregular sea state is two hours, the number of times the ship encounters the 

short-term irregular sea state throughout its lifetime is approximately 10� . From this, the occurrence probability of the 
maximum hull response in the most severe short-term sea state is approximately taken to be 10�� (= 10�� 10�� ) when the 
occurrence probability of the maximum hull response is assumed to be 10��. By calculating the maximum expected value for 
1000 waves in the short-term irregular sea state, a load equivalent to the maximum load with an exceedance probability of 10−8 
can therefore be obtained. The maximum load with an exceedance probability of 10�� can be expressed as equation (4). 

 
𝑎𝑎� = 𝐻𝐻�_���𝜎𝜎���√2 ln 1000 (4) 

 
In this paper, Equation (4) is used as the base of the closed formula with an exceedance probability of 10��. 
The mean wave direction in the most severe short-term sea state of heave acceleration and pitch angle were able to be obtained 

through the long-term prediction result of the numerical calculation and were as shown in Fig. 4. From this result, the mean 
wave directions in the most severe short-term sea state were set to 90 degrees and 180 degrees (heading wave) respectively. 

 
Figure 4 Mean wave direction in most severe short-term sea state 

5. STANDARD DEVIATION IN THE MOST SEVERE SHORT-TERM SEA STATE 

The standard deviation 𝜎𝜎��� per unit significant wave height in the most severe short-term sea state is expressed as equation 
(5) approximately. 

 
𝜎𝜎��� = 𝐶𝐶�𝐶𝐶�𝐻𝐻���_� (5) 

 
where 
𝐶𝐶� : Conversion coefficient for converting RAO to standard deviation per unit significant wave height 
𝐶𝐶� : Conversion coefficient for converting long-crested irregular wave to short-crested irregular wave 
𝐻𝐻���_� : Maximum value of RAO of j mode 
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5.1 Converting to Standard Deviation per Unit Significant Wave Height 
A RAO is converted to σ in order to obtain the standard deviation per unit significant wave height. Since the energy spectrum 

method applying the theory of linear superposition is generally used when performing short-term prediction, 𝜎𝜎 is expressed as 
equation (6). 

 

𝜎𝜎 = �� � 𝐻𝐻���_��𝜔𝜔, 𝜒𝜒 𝜒 𝜒𝜒��𝑆𝑆�𝜔𝜔, 𝑇𝑇��𝐷𝐷�𝜒𝜒 𝜒 𝜒𝜒�
�

�
𝑑𝑑𝑑𝑑

�
�

���
𝑑𝑑𝑑𝑑 (6) 

 
where 
𝐻𝐻���_��𝜔𝜔, 𝛽𝛽� : RAO of j mode 
𝑆𝑆�𝜔𝜔, 𝑇𝑇�� : Pierson-Moskowitz type wave spectrum per unit significant wave height 
𝐷𝐷�𝛽𝛽� : Directional distribution function 
𝜔𝜔 : Wave frequency 
𝛽𝛽 : Direction of wave component 
 
The term excluding the directional distribution function in equation (6) was conveniently divided by the maximum value of 

RAO, and equation (7) is given for the conversion coefficient 𝐶𝐶�. Note that the sea state at this time is the most severe short-
term sea state. 
 

𝐶𝐶� =
�� 𝐻𝐻���_��𝜔𝜔, 𝜒𝜒�����𝑆𝑆�𝜔𝜔, 𝑇𝑇�_�����

� 𝑑𝑑𝑑𝑑
𝐻𝐻���_��𝜔𝜔�������, 𝜒𝜒����

 (7) 

 
where 
𝜔𝜔������� : Wave frequency when RAO is maximized 
𝜒𝜒��� : Mean wave direction in most severe short-term sea state 
 
𝐶𝐶� is, simply put, a coefficient for converting the RAO for a regular wave into standard deviation value in consideration of 

the wave spectrum shape of irregular wave. Since 𝐶𝐶� will differ in size depending upon hull response, it must be determined 
for each hull response. 

Froude-krylov force is the main component of the hydrodynamic force acting on the hull required to determine the hull motion. 
The hydrodynamic forces affecting vertical motion, such as heave and pitch, are values integrated with respect to 𝑛𝑛�, and thus 
greatly contribute to the hull shape in the z-direction projection plane area, that is, the water plane area. From this, it was 
considered that the 𝐶𝐶� values for heave acceleration and pitch angle can be expressed by the equation of the water plane area 
𝐿𝐿𝐿𝐿𝐿𝐿�, and determined as in equation (8). 

 
Heave acceleration 
Pitch angle 

𝐶𝐶� = 0.03�𝐿𝐿𝐿𝐿𝐿𝐿���.�� 
𝐶𝐶� = 0.12�𝐿𝐿𝐿𝐿𝐿𝐿���.�� 

(8) 

 
Figure 5 shows a comparison of 𝐶𝐶� values obtained from equation (8) and numerical calculation results. Both 𝐶𝐶� are mostly 

as expected, indicating that they were able to set relatively high-precision formulae. 
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where 
𝐻𝐻�_��� : Significant wave height in most severe short-term sea state 
𝑇𝑇�_��� : Zero-up cross mean wave period in most severe short-term sea state 
𝜎𝜎��� : Standard deviation per unit significant wave height in most severe short-term sea state 
 
This allows the threshold of which probability of exceedance correspond to 10�� to be approximated as equation (3). 
 

𝑎𝑎�|������ ≈
1

2𝜋𝜋� exp �− 𝑎𝑎��
2�𝐻𝐻�_���𝜎𝜎�����
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�
× ��𝐻𝐻�_���, 𝑇𝑇�_����∆𝐻𝐻�∆𝑇𝑇� 𝑑𝑑𝑑𝑑 (3) 

 
Assuming that the duration of the short-term irregular sea state is two hours, the number of times the ship encounters the 

short-term irregular sea state throughout its lifetime is approximately 10� . From this, the occurrence probability of the 
maximum hull response in the most severe short-term sea state is approximately taken to be 10�� (= 10�� 10�� ) when the 
occurrence probability of the maximum hull response is assumed to be 10��. By calculating the maximum expected value for 
1000 waves in the short-term irregular sea state, a load equivalent to the maximum load with an exceedance probability of 10−8 
can therefore be obtained. The maximum load with an exceedance probability of 10�� can be expressed as equation (4). 

 
𝑎𝑎� = 𝐻𝐻�_���𝜎𝜎���√2 ln 1000 (4) 

 
In this paper, Equation (4) is used as the base of the closed formula with an exceedance probability of 10��. 
The mean wave direction in the most severe short-term sea state of heave acceleration and pitch angle were able to be obtained 

through the long-term prediction result of the numerical calculation and were as shown in Fig. 4. From this result, the mean 
wave directions in the most severe short-term sea state were set to 90 degrees and 180 degrees (heading wave) respectively. 

 
Figure 4 Mean wave direction in most severe short-term sea state 

5. STANDARD DEVIATION IN THE MOST SEVERE SHORT-TERM SEA STATE 

The standard deviation 𝜎𝜎��� per unit significant wave height in the most severe short-term sea state is expressed as equation 
(5) approximately. 

 
𝜎𝜎��� = 𝐶𝐶�𝐶𝐶�𝐻𝐻���_� (5) 

 
where 
𝐶𝐶� : Conversion coefficient for converting RAO to standard deviation per unit significant wave height 
𝐶𝐶� : Conversion coefficient for converting long-crested irregular wave to short-crested irregular wave 
𝐻𝐻���_� : Maximum value of RAO of j mode 
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5.1 Converting to Standard Deviation per Unit Significant Wave Height 
A RAO is converted to σ in order to obtain the standard deviation per unit significant wave height. Since the energy spectrum 

method applying the theory of linear superposition is generally used when performing short-term prediction, 𝜎𝜎 is expressed as 
equation (6). 

 

𝜎𝜎 = �� � 𝐻𝐻���_��𝜔𝜔, 𝜒𝜒 𝜒 𝜒𝜒��𝑆𝑆�𝜔𝜔, 𝑇𝑇��𝐷𝐷�𝜒𝜒 𝜒 𝜒𝜒�
�

�
𝑑𝑑𝑑𝑑

�
�

���
𝑑𝑑𝑑𝑑 (6) 

 
where 
𝐻𝐻���_��𝜔𝜔, 𝛽𝛽� : RAO of j mode 
𝑆𝑆�𝜔𝜔, 𝑇𝑇�� : Pierson-Moskowitz type wave spectrum per unit significant wave height 
𝐷𝐷�𝛽𝛽� : Directional distribution function 
𝜔𝜔 : Wave frequency 
𝛽𝛽 : Direction of wave component 
 
The term excluding the directional distribution function in equation (6) was conveniently divided by the maximum value of 

RAO, and equation (7) is given for the conversion coefficient 𝐶𝐶�. Note that the sea state at this time is the most severe short-
term sea state. 
 

𝐶𝐶� =
�� 𝐻𝐻���_��𝜔𝜔, 𝜒𝜒�����𝑆𝑆�𝜔𝜔, 𝑇𝑇�_�����

� 𝑑𝑑𝑑𝑑
𝐻𝐻���_��𝜔𝜔�������, 𝜒𝜒����

 (7) 

 
where 
𝜔𝜔������� : Wave frequency when RAO is maximized 
𝜒𝜒��� : Mean wave direction in most severe short-term sea state 
 
𝐶𝐶� is, simply put, a coefficient for converting the RAO for a regular wave into standard deviation value in consideration of 

the wave spectrum shape of irregular wave. Since 𝐶𝐶� will differ in size depending upon hull response, it must be determined 
for each hull response. 

Froude-krylov force is the main component of the hydrodynamic force acting on the hull required to determine the hull motion. 
The hydrodynamic forces affecting vertical motion, such as heave and pitch, are values integrated with respect to 𝑛𝑛�, and thus 
greatly contribute to the hull shape in the z-direction projection plane area, that is, the water plane area. From this, it was 
considered that the 𝐶𝐶� values for heave acceleration and pitch angle can be expressed by the equation of the water plane area 
𝐿𝐿𝐿𝐿𝐿𝐿�, and determined as in equation (8). 

 
Heave acceleration 
Pitch angle 

𝐶𝐶� = 0.03�𝐿𝐿𝐿𝐿𝐿𝐿���.�� 
𝐶𝐶� = 0.12�𝐿𝐿𝐿𝐿𝐿𝐿���.�� 

(8) 

 
Figure 5 shows a comparison of 𝐶𝐶� values obtained from equation (8) and numerical calculation results. Both 𝐶𝐶� are mostly 

as expected, indicating that they were able to set relatively high-precision formulae. 
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Figure 5 Comparison of equation (8) and numerical calculation 𝐶𝐶� values 
 
The wave spectrum of the irregular wave used in the calculation of 𝐶𝐶� is the Pierson-Moskowitz type recommended by IACS 

Rec. 34 13) as shown in equation (9). This wave spectrum is determined by the significant wave height and the zero-up cross 
mean wave period of the North Atlantic. Note that this Pierson-Moskowitz type wave spectrum equation is conveniently divided 
by 𝐻𝐻��. 

 

𝑆𝑆�𝜔𝜔, 𝑇𝑇�� =
1
4𝜋𝜋 �

2𝜋𝜋
𝑇𝑇� �

�
𝜔𝜔��exp �𝑛 1

𝜋𝜋 �
2𝜋𝜋
𝑇𝑇� �

�
𝜔𝜔��� (9) 

 
5.2 Converting to Standard Deviation per Unit Significant Wave Height 

Although the variance 𝜎𝜎� is obtained from the integral of the hull response spectrum, this value is that of a long-crested 
irregular wave. The wave fields encountered under actual sea conditions are rarely long-crested irregular waves but rather short-
crested irregular waves in which irregular waves arriving from various directions overlap. For a more accurate statistical 
prediction, the 𝜎𝜎� needs to be converted to value for short-created irregular waves. That is to say, a short-crested irregular wave 
having a set of wave components of different frequencies and a planar spread is approximately represented by using a directional 
distribution function 𝐷𝐷�𝛽𝛽� as shown in equation (10) 16). 

 

𝐷𝐷�𝛽𝛽� = �2𝑛𝑛�!
𝜋𝜋�2𝑛𝑛 𝑛 1�! �cos�𝜒𝜒 𝜒𝜒𝜒 ���� �𝑛𝜋𝜋2 ≤ 𝛽𝛽 𝛽 𝜋𝜋

2� (10) 

 
In the short-term prediction of a hull response of the Fukuda method 17), equation (11) where n=1 is often used. 
 

𝐷𝐷�𝛽𝛽� = 2
𝜋𝜋 �cos�𝜒𝜒 𝜒𝜒𝜒 ��� �𝑛𝜋𝜋2 ≤ 𝛽𝛽 𝛽 𝜋𝜋

2� (11) 

 
Assuming that the standard deviation of the short-crested irregular wave is 𝜎𝜎����� and the standard deviation of the long-

crested irregular wave is 𝜎𝜎����, 𝜎𝜎����� can be expressed as equation (12). 
 

𝜎𝜎����� = �� 𝜎𝜎�����𝐷𝐷�𝜒𝜒 𝜒𝜒𝜒 �
�
�

���
𝑑𝑑𝑑𝑑 (12) 

 
where 
𝜎𝜎����� Standard deviation in short-crested irregular waves 
𝜎𝜎���� Standard deviation in long-crested irregular waves 
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The coefficient 𝐶𝐶� that converts long-crested irregular wave to short-crested irregular wave in most severe short-term sea 
state was defined by equation (13). 

 

𝐶𝐶� =
𝜎𝜎������𝑇𝑇�_���, 𝜒𝜒����
𝜎𝜎�����𝑇𝑇�_���, 𝜒𝜒����

 (13) 

 
Since the ratio of hull response for each wave direction is basically the same regardless of the size of the ship when considering 

a hull motion, it can be inferred that 𝐶𝐶� is almost constant. From numerical calculation results, it can also be confirmed that 
𝐶𝐶� is plotted as shown in Fig. 6, and its tendency is almost as estimated. 

 

Figure 6 Numerical calculation 𝐶𝐶� values 
 
From Fig. 6, the 𝐶𝐶� was expressed as shown in equation (14). 
 

Heave acceleration 
Pitch angle 

𝐶𝐶� = 0.72 
𝐶𝐶� = 0.97 

(14) 

6. SIGNIFICANT WAVE HEIGHT IN THE MOST SEVERE SHORT-TERM SEA STATE 

The probability model 18) used in this study is a joint probability distribution of the conditional probability distribution of the 
wave period with respect to the significant wave height (log normal distribution) and the marginal probability distribution of the 
significant wave height (Weibull distribution) as shown in equation (15). 

 

𝑝𝑝�𝑇𝑇�|𝐻𝐻��𝑝𝑝�𝐻𝐻�� =
1

𝑇𝑇��2𝜋𝜋𝜋𝜋��𝐻𝐻��
exp �− �𝑙𝑙𝑙𝑙 𝑙𝑙� − 𝑚𝑚��𝐻𝐻����

2𝜎𝜎���𝐻𝐻�� � × 𝛽𝛽�𝐻𝐻� − 𝛾𝛾����
𝛼𝛼� exp �− �𝐻𝐻� − 𝛾𝛾

𝛼𝛼 �
�
� (15) 

 
where 
𝛼𝛼 : Scale parameter 
𝛽𝛽 : Shape parameter 
𝛾𝛾 : Threshold 
 
with 𝑚𝑚𝑇𝑇�𝐻𝐻𝑠𝑠� and 𝜎𝜎𝑇𝑇2�𝐻𝐻𝑠𝑠� obtained as shown in equation (16). 
 

𝑚𝑚��𝐻𝐻�� = 𝐸𝐸�ln 𝑇𝑇��𝐻𝐻��� 
𝜎𝜎���𝐻𝐻�� = 𝑉𝑉𝑉𝑉𝑉𝑉�ln 𝑇𝑇��𝐻𝐻��� 

(16) 

The scatter diagram given in IACS Rec. 34 13) shown in Fig. 3 was used and the occurrence probability of the short-term 
irregular sea state of equation (15) was 10��, the significant wave height at that probability can be determined by polynomial 
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Figure 5 Comparison of equation (8) and numerical calculation 𝐶𝐶� values 
 
The wave spectrum of the irregular wave used in the calculation of 𝐶𝐶� is the Pierson-Moskowitz type recommended by IACS 

Rec. 34 13) as shown in equation (9). This wave spectrum is determined by the significant wave height and the zero-up cross 
mean wave period of the North Atlantic. Note that this Pierson-Moskowitz type wave spectrum equation is conveniently divided 
by 𝐻𝐻��. 

 

𝑆𝑆�𝜔𝜔, 𝑇𝑇�� =
1
4𝜋𝜋 �

2𝜋𝜋
𝑇𝑇� �

�
𝜔𝜔��exp �𝑛 1

𝜋𝜋 �
2𝜋𝜋
𝑇𝑇� �

�
𝜔𝜔��� (9) 

 
5.2 Converting to Standard Deviation per Unit Significant Wave Height 

Although the variance 𝜎𝜎� is obtained from the integral of the hull response spectrum, this value is that of a long-crested 
irregular wave. The wave fields encountered under actual sea conditions are rarely long-crested irregular waves but rather short-
crested irregular waves in which irregular waves arriving from various directions overlap. For a more accurate statistical 
prediction, the 𝜎𝜎� needs to be converted to value for short-created irregular waves. That is to say, a short-crested irregular wave 
having a set of wave components of different frequencies and a planar spread is approximately represented by using a directional 
distribution function 𝐷𝐷�𝛽𝛽� as shown in equation (10) 16). 

 

𝐷𝐷�𝛽𝛽� = �2𝑛𝑛�!
𝜋𝜋�2𝑛𝑛 𝑛 1�! �cos�𝜒𝜒 𝜒𝜒𝜒 ���� �𝑛𝜋𝜋2 ≤ 𝛽𝛽 𝛽 𝜋𝜋

2� (10) 

 
In the short-term prediction of a hull response of the Fukuda method 17), equation (11) where n=1 is often used. 
 

𝐷𝐷�𝛽𝛽� = 2
𝜋𝜋 �cos�𝜒𝜒 𝜒𝜒𝜒 ��� �𝑛𝜋𝜋2 ≤ 𝛽𝛽 𝛽 𝜋𝜋

2� (11) 

 
Assuming that the standard deviation of the short-crested irregular wave is 𝜎𝜎����� and the standard deviation of the long-

crested irregular wave is 𝜎𝜎����, 𝜎𝜎����� can be expressed as equation (12). 
 

𝜎𝜎����� = �� 𝜎𝜎�����𝐷𝐷�𝜒𝜒 𝜒𝜒𝜒 �
�
�

���
𝑑𝑑𝑑𝑑 (12) 

 
where 
𝜎𝜎����� Standard deviation in short-crested irregular waves 
𝜎𝜎���� Standard deviation in long-crested irregular waves 
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The coefficient 𝐶𝐶� that converts long-crested irregular wave to short-crested irregular wave in most severe short-term sea 
state was defined by equation (13). 

 

𝐶𝐶� =
𝜎𝜎������𝑇𝑇�_���, 𝜒𝜒����
𝜎𝜎�����𝑇𝑇�_���, 𝜒𝜒����

 (13) 

 
Since the ratio of hull response for each wave direction is basically the same regardless of the size of the ship when considering 

a hull motion, it can be inferred that 𝐶𝐶� is almost constant. From numerical calculation results, it can also be confirmed that 
𝐶𝐶� is plotted as shown in Fig. 6, and its tendency is almost as estimated. 

 

Figure 6 Numerical calculation 𝐶𝐶� values 
 
From Fig. 6, the 𝐶𝐶� was expressed as shown in equation (14). 
 

Heave acceleration 
Pitch angle 

𝐶𝐶� = 0.72 
𝐶𝐶� = 0.97 

(14) 

6. SIGNIFICANT WAVE HEIGHT IN THE MOST SEVERE SHORT-TERM SEA STATE 

The probability model 18) used in this study is a joint probability distribution of the conditional probability distribution of the 
wave period with respect to the significant wave height (log normal distribution) and the marginal probability distribution of the 
significant wave height (Weibull distribution) as shown in equation (15). 
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𝑇𝑇��2𝜋𝜋𝜋𝜋��𝐻𝐻��
exp �− �𝑙𝑙𝑙𝑙 𝑙𝑙� − 𝑚𝑚��𝐻𝐻����

2𝜎𝜎���𝐻𝐻�� � × 𝛽𝛽�𝐻𝐻� − 𝛾𝛾����
𝛼𝛼� exp �− �𝐻𝐻� − 𝛾𝛾

𝛼𝛼 �
�
� (15) 

 
where 
𝛼𝛼 : Scale parameter 
𝛽𝛽 : Shape parameter 
𝛾𝛾 : Threshold 
 
with 𝑚𝑚𝑇𝑇�𝐻𝐻𝑠𝑠� and 𝜎𝜎𝑇𝑇2�𝐻𝐻𝑠𝑠� obtained as shown in equation (16). 
 

𝑚𝑚��𝐻𝐻�� = 𝐸𝐸�ln 𝑇𝑇��𝐻𝐻��� 
𝜎𝜎���𝐻𝐻�� = 𝑉𝑉𝑉𝑉𝑉𝑉�ln 𝑇𝑇��𝐻𝐻��� 

(16) 

The scatter diagram given in IACS Rec. 34 13) shown in Fig. 3 was used and the occurrence probability of the short-term 
irregular sea state of equation (15) was 10��, the significant wave height at that probability can be determined by polynomial 
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approximation as shown in equation (17). 
 

𝐻𝐻�_��� = −0.21𝑇𝑇�_���� + 5.07𝑇𝑇�_��� − 15.7 (17) 
 
Equation (17) is plotted as Fig. 7. From Fig. 7, it can be seen that equation (17) represents the significant wave height of a 

sea state with an extremely low frequency of occurrence. Incidentally, the short-term irregular sea state in which the joint 
probability in the scatter diagram is 10�� is generally circular distribution (there is a case where two short-term irregular sea 
states occur in a zero-up cross mean wave period). However, since the higher significant wave height of the wave heights is 
generally used in ship design, the approximate expression of the significant wave height is made to be a second order polynomial. 
The range of monotonically increasing and monotonically decreasing the significant wave height is limited, because the short-
term irregular sea state in which the joint probability is 10�� becomes the circular distribution. Therefore, we consider about 
17.0 s to be an appropriate upper limit for the zero-up cross average wave period which is a variable of equation (17). 

 

Figure 7 Plotted equation (17) on IACS Rec. 34 scatter diagram [13] 

7. WAVE PERIOD IN THE MOST SEVERE SHORT-TERM SEA STATE 

In general, wave period of the regular wave at which RAO is maximized can be expressed as in equation (18) by using wave 
frequency 𝜔𝜔������� at which RAO is maximized. 

 

𝑇𝑇������� =
2𝜋𝜋

𝜔𝜔�������
 (18) 

 
Assuming a response spectrum has narrow-band characteristics, the standard deviation value in the short-term irregular sea 

state is maximized when the peaks of both the wave spectrum with a mean wave period and the RAO are superimposed at the 
same wave frequency. This is called “broad sense of resonance” 14) 15). According to the assumption, the zero-up cross mean 
wave period of broad sense of resonance 14) 15) 𝑇𝑇�_��� can be expressed as following equation. 

 
𝑇𝑇�_��� = 0.71𝑇𝑇������� (19) 

 
The coefficient 0.71 of equation (19) means the converting factor from the peak period of wave spectrum to zero-up cross 

mean wave period of Pierson-Moskowitz type wave spectrum. Figure 8 shows a comparison between the zero-up cross mean 
wave period of broad sense of resonance 𝑇𝑇�_��� by equation (19) and the zero-up cross mean wave period for the most severe 
short-term sea state 𝑇𝑇�_��� obtained by the numerical calculation. 

Hs/Tz 1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5 10.5 11.5 12.5 13.5 14.5 15.5 16.5 17.5 18.5 SUM
0.5 0.0 0.0 1.3 133.7 865.6 1186.0 634.2 186.3 36.9 5.6 0.7 0.1 0.0 0.0 0.0 0.0 0.0 0.0 3050
1.5 0.0 0.0 0.0 29.3 986.0 4976.0 7738.0 5569.7 2375.7 703.5 160.7 30.5 5.1 0.8 0.1 0.0 0.0 0.0 22575
2.5 0.0 0.0 0.0 2.2 197.5 2158.8 6230.0 7449.5 4860.4 2066.0 644.5 160.2 33.7 6.3 1.1 0.2 0.0 0.0 23810
3.5 0.0 0.0 0.0 0.2 34.9 695.5 3226.5 5675.0 5099.1 2838.0 1114.1 337.7 84.3 18.2 3.5 0.6 0.1 0.0 19128
4.5 0.0 0.0 0.0 0.0 6.0 196.1 1354.3 3288.5 3857.5 2685.5 1275.2 455.1 130.9 31.9 6.9 1.3 0.2 0.0 13289
5.5 0.0 0.0 0.0 0.0 1.0 51.0 498.4 1602.9 2372.7 2008.3 1126.0 463.6 150.9 41.0 9.7 2.1 0.4 0.1 8328
6.5 0.0 0.0 0.0 0.0 0.2 12.6 167.0 690.3 1257.9 1268.6 825.9 386.8 140.8 42.2 10.9 2.5 0.5 0.1 4806
7.5 0.0 0.0 0.0 0.0 0.0 3.0 52.1 270.1 594.4 703.2 524.9 276.7 111.7 36.7 10.2 2.5 0.6 0.1 2586
8.5 0.0 0.0 0.0 0.0 0.0 0.7 15.4 97.9 255.9 350.6 296.9 174.6 77.6 27.7 8.4 2.2 0.5 0.1 1309
9.5 0.0 0.0 0.0 0.0 0.0 0.2 4.3 33.2 101.9 159.9 152.2 99.2 48.3 18.7 6.1 1.7 0.4 0.1 626

10.5 0.0 0.0 0.0 0.0 0.0 0.0 1.2 10.7 37.9 67.5 71.7 51.5 27.3 11.4 4.0 1.2 0.3 0.1 285
11.5 0.0 0.0 0.0 0.0 0.0 0.0 0.3 3.3 13.3 26.6 31.4 24.7 14.2 6.4 2.4 0.7 0.2 0.1 124
12.5 0.0 0.0 0.0 0.0 0.0 0.0 0.1 1.0 4.4 9.9 12.8 11.0 6.8 3.3 1.3 0.4 0.1 0.0 51
13.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.3 1.4 3.5 5.0 4.6 3.1 1.6 0.7 0.2 0.1 0.0 21
14.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.4 1.2 1.8 1.8 1.3 0.7 0.3 0.1 0.0 0.0 8
15.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.4 0.6 0.7 0.5 0.3 0.1 0.1 0.0 0.0 3
16.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.2 0.2 0.2 0.1 0.1 0.0 0.0 0.0 1

SUM: 0 0 1 165 2091 9280 19922 24879 20870 12898 6245 2479 837 247 66 16 3 1 100000
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(A) Heave Acceleration                              (B) Pitch Angle 
Figure 8 Wave period (equation (19) and numerical calculation results) 

 
From Fig. 8, it can be seen that 𝑇𝑇�_���  tends to be longer than 𝑇𝑇�_��� . This is because, the significant wave height is 

considered in 𝑇𝑇�_���  but not in 𝑇𝑇�_��� . In order to convert 𝑇𝑇�_���  into 𝑇𝑇�_��� , the coefficient is determined by the 
relationship shown in Fig. 8 is expressed by using the water plane area 𝐿𝐿𝐿𝐿𝐿𝐿� and the wave period in the most severe short-
term sea state is expressed as in equation (20). 

 
Heave acceleration 
Pitch angle 

𝑇𝑇�_��� = 6.20�𝐿𝐿𝐿𝐿𝐿𝐿����.��𝑇𝑇�_��� 
𝑇𝑇�_��� = 3.67�𝐿𝐿𝐿𝐿𝐿𝐿����.��𝑇𝑇�_��� 

(20) 

 
Figure 9 shows a comparison between equation (20) and the zero-up cross mean wave period for the most severe short-term 

sea state 𝑇𝑇�_��� obtained by the numerical calculation. As can be seen, the zero-up cross mean wave period in the most severe 
short-term sea state can be estimated with high accuracy by the conversion. 

 

(A) Heave Acceleration                              (B) Pitch Angle 
Figure 9 Wave period (equation (20) and numerical calculation results) 

8. WAVE FREQUENCY 

As can be seen from equation (18), (19) and (20), in order to obtain 𝑇𝑇�_���, the wave frequency 𝜔𝜔������� at which RAO is 
maximized is required. The RAO of the heave acceleration reaches its maximum value when the peaks of both the wave 
spectrum and the RAO are superimposed at the same wave frequency. When the RAO of the heave acceleration reaches its 
maximum value in a wave direction of 90 degrees, this maximum value becomes extremely large, whereas the sum 
−𝜔𝜔���𝑀𝑀�� + 𝐴𝐴��� + 𝐶𝐶��  of the inertia term (mass and heave added mass) and the buoyancy term (heave restoring force 
coefficient) tends to be almost 0. Therefore, the 𝜔𝜔������� of heave acceleration is the wave frequency when the sum of the 
inertia term and the buoyancy term becomes 0, and is expressed as shown in equation (21). Equation (21) is based on the 
simplified formula of hydrodynamic coefficient by Matsui et al. 9). As shown in Fig. 10, a comparison of the 𝜔𝜔������� values 
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approximation as shown in equation (17). 
 

𝐻𝐻�_��� = −0.21𝑇𝑇�_���� + 5.07𝑇𝑇�_��� − 15.7 (17) 
 
Equation (17) is plotted as Fig. 7. From Fig. 7, it can be seen that equation (17) represents the significant wave height of a 

sea state with an extremely low frequency of occurrence. Incidentally, the short-term irregular sea state in which the joint 
probability in the scatter diagram is 10�� is generally circular distribution (there is a case where two short-term irregular sea 
states occur in a zero-up cross mean wave period). However, since the higher significant wave height of the wave heights is 
generally used in ship design, the approximate expression of the significant wave height is made to be a second order polynomial. 
The range of monotonically increasing and monotonically decreasing the significant wave height is limited, because the short-
term irregular sea state in which the joint probability is 10�� becomes the circular distribution. Therefore, we consider about 
17.0 s to be an appropriate upper limit for the zero-up cross average wave period which is a variable of equation (17). 

 

Figure 7 Plotted equation (17) on IACS Rec. 34 scatter diagram [13] 

7. WAVE PERIOD IN THE MOST SEVERE SHORT-TERM SEA STATE 

In general, wave period of the regular wave at which RAO is maximized can be expressed as in equation (18) by using wave 
frequency 𝜔𝜔������� at which RAO is maximized. 

 

𝑇𝑇������� =
2𝜋𝜋

𝜔𝜔�������
 (18) 

 
Assuming a response spectrum has narrow-band characteristics, the standard deviation value in the short-term irregular sea 

state is maximized when the peaks of both the wave spectrum with a mean wave period and the RAO are superimposed at the 
same wave frequency. This is called “broad sense of resonance” 14) 15). According to the assumption, the zero-up cross mean 
wave period of broad sense of resonance 14) 15) 𝑇𝑇�_��� can be expressed as following equation. 

 
𝑇𝑇�_��� = 0.71𝑇𝑇������� (19) 

 
The coefficient 0.71 of equation (19) means the converting factor from the peak period of wave spectrum to zero-up cross 

mean wave period of Pierson-Moskowitz type wave spectrum. Figure 8 shows a comparison between the zero-up cross mean 
wave period of broad sense of resonance 𝑇𝑇�_��� by equation (19) and the zero-up cross mean wave period for the most severe 
short-term sea state 𝑇𝑇�_��� obtained by the numerical calculation. 
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(A) Heave Acceleration                              (B) Pitch Angle 
Figure 8 Wave period (equation (19) and numerical calculation results) 

 
From Fig. 8, it can be seen that 𝑇𝑇�_���  tends to be longer than 𝑇𝑇�_��� . This is because, the significant wave height is 

considered in 𝑇𝑇�_���  but not in 𝑇𝑇�_��� . In order to convert 𝑇𝑇�_���  into 𝑇𝑇�_��� , the coefficient is determined by the 
relationship shown in Fig. 8 is expressed by using the water plane area 𝐿𝐿𝐿𝐿𝐿𝐿� and the wave period in the most severe short-
term sea state is expressed as in equation (20). 

 
Heave acceleration 
Pitch angle 

𝑇𝑇�_��� = 6.20�𝐿𝐿𝐿𝐿𝐿𝐿����.��𝑇𝑇�_��� 
𝑇𝑇�_��� = 3.67�𝐿𝐿𝐿𝐿𝐿𝐿����.��𝑇𝑇�_��� 

(20) 

 
Figure 9 shows a comparison between equation (20) and the zero-up cross mean wave period for the most severe short-term 

sea state 𝑇𝑇�_��� obtained by the numerical calculation. As can be seen, the zero-up cross mean wave period in the most severe 
short-term sea state can be estimated with high accuracy by the conversion. 

 

(A) Heave Acceleration                              (B) Pitch Angle 
Figure 9 Wave period (equation (20) and numerical calculation results) 

8. WAVE FREQUENCY 

As can be seen from equation (18), (19) and (20), in order to obtain 𝑇𝑇�_���, the wave frequency 𝜔𝜔������� at which RAO is 
maximized is required. The RAO of the heave acceleration reaches its maximum value when the peaks of both the wave 
spectrum and the RAO are superimposed at the same wave frequency. When the RAO of the heave acceleration reaches its 
maximum value in a wave direction of 90 degrees, this maximum value becomes extremely large, whereas the sum 
−𝜔𝜔���𝑀𝑀�� + 𝐴𝐴��� + 𝐶𝐶��  of the inertia term (mass and heave added mass) and the buoyancy term (heave restoring force 
coefficient) tends to be almost 0. Therefore, the 𝜔𝜔������� of heave acceleration is the wave frequency when the sum of the 
inertia term and the buoyancy term becomes 0, and is expressed as shown in equation (21). Equation (21) is based on the 
simplified formula of hydrodynamic coefficient by Matsui et al. 9). As shown in Fig. 10, a comparison of the 𝜔𝜔������� values 
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for heave acceleration obtained from equation (21) and from numerical calculation results indicates that the accuracy of the 
equation (21) is high. 

 
Figure 10 Comparison of 𝜔𝜔������� of heave acceleration between equation (21) and numerical calculation 
 
On the other hand, when the wave direction is 180 degrees, the RAO of the pitch angle does not reach its maximum value 

when the peaks of both the wave spectrum with a mean wave period and the RAO are superimposed at the same wave frequency. 
The method used to obtain the 𝜔𝜔������� value for heave acceleration cannot be used. Therefore, based on the qualitative idea 
that 𝜔𝜔������� of the pitch angle does not depend on the ship length, when the 𝜔𝜔������� obtained from numerical calculation 
is non-dimensionalized by the ship length, the non-dimensional values of the 𝜔𝜔������� were expressed as Fig. 11. 

 
Figure 11 Non-dimensional 𝜔𝜔������� of pitch angle of numerical calculation 

 
From Fig. 11, it was able to be seen that the non-dimensional 𝜔𝜔������� of the pitch angle is almost constant regardless of 

the ship length. From this reason, the non-dimensional 𝜔𝜔������� was determined as 2.23, and the 𝜔𝜔������� was determined 
as in equation (21). 

 

Heave acceleration 
 
 
Pitch angle 
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𝑔𝑔𝑔𝑔�
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(21) 

 
As shown in Fig. 12, the 𝜔𝜔������� values for pitch angle obtained from equation (21) and from numerical calculation results 

were compared. The 𝜔𝜔������� was able to set relatively high-precision formula. 
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9. COMPARISON OF CLOSED FORMULA AND NUMERICAL CALCULATION 

Figure 13 compares the long-term predicted values with an exceedance probability of 10�� for the heave acceleration and 
pitch angle values obtained from equation (4) to the numerical calculation results. As can be seen, the accuracy of the closed 
formula is high. 

 
(A) Heave Acceleration                      (B) Pitch Angle 

Figure 13 Long-term predicted values of exceedance probability of 10�� (equation (4) and numerical 
calculation results) 

10. CONCLUSION 

Highly accurate closed formulae of long-term prediction for heave acceleration and pitch angle were developed based on 
linear theory. The components of this proposed formula were introduced in Fig. 1. The components were briefly described as 
follows. 

 
・ Assuming the standard deviation in most severe short-term sea state of hull response has correlation with the peak RAO 

value, the value was used in order to formulate a long-term prediction. In this paper, RAO values obtained from numerical 
calculations in order to confirm proposed formulae was used; they were not formulated. 

・ Coefficients to convert from the peak value of RAO into standard deviation were formulated for each response using the 
water plane area 𝐿𝐿𝐿𝐿𝐿𝐿� from qualitative hull motion phenomenon. (Sec. 5.1) 

・ Coefficients to convert from long-crested irregular waves into short-crested irregular waves were constant values for each 
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response. (Sec. 5.2) 
・ Standard deviation per unit significant wave height in the most severe short-term sea state was formulated by multiplying 

the coefficients of Sec. 5.1 and 5.2. (Sec. 5) 
・ Wave frequency of heave acceleration at which RAO is maximized was formulated from values when both the sum of the 

inertia term and the buoyancy term become 0. Wave frequency of pitch angle was formulated from the non-dimensional 
𝜔𝜔������� based on the qualitative idea that 𝜔𝜔������� of the pitch angle does not depend on the ship length. (Sec. 8) 

・ Zero-up cross mean wave periods in the most severe short-term sea state were formulated based on the extremum of wave 
spectrum, so-called “broad sense of resonance” 14) 15), and correction factors were determined by using the water plane area 
𝐿𝐿𝐿𝐿𝐿𝐿� for heave acceleration and pitch angle respectively. (Sec. 7) 

・ Significant wave height of an exceedance probability of 10�� was formulated by using a joint probability distribution as 
a probability model for significant wave height and zero-up cross mean wave period. (Sec. 6) 

・ Maximum load with an exceedance probability of 10�� was formulated by using most severe short-term sea state theory6). 
(Sec. 4) 

 
As described above, the closed formulae presented in this paper were based upon RAO values obtained from numerical 

calculations. It is planned to use the closed formulae of the RAO developed based upon the theory of seakeeping analysis by 
author et al. Moreover, there are plans to develop closed formulae for lateral motions and bending moments following the same 
approach used in this paper. 
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Climate Change Initiatives for Reduction of Greenhouse Gases 
 

 
Sadao AKAHOSHI* 

1. INTRODUCTION 

The Paris Agreement, which is an international framework for the prevention of global warming, states that many of the 
effects of climate change can be avoided by limiting global warming to 1.5°C in comparison with the pre-industrial level. To 
achieve this, it will be necessary to reduce greenhouse gas (GHG) emissions by 45% by 2030 and achieve net zero emissions 
by around 2050, and over the 21st century, it will also be necessary to remove 100 to 1,000 gigatons of carbon dioxide (Gt-CO2) 
from the air (carbon dioxide removal: removal of CO2 in the atmosphere by biomass, CCS, etc. and permanent storage 
underground or in oceans, i.e., in deep ocean waters or the seabed). However, large-scale carbon dioxide removal technologies 
have not yet been applied practically. In order to avoid this, it is necessary to reduce CO2 emissions at the earliest possible time 
so as to limit increases in CO2 accumulating in the atmosphere. 

Considering this situation, an increasing number of countries, centering on the advanced nations, have set targets for achieving 
net zero GHG emissions between 2050 and 2060, and the respective governments have announced GHG reduction targets for 
2030 as milestones for achieving their long-term targets. As its target for 2030, Japan has set an emission reduction of 46% in 
comparison with 2013. (Table 1) 

Table 1 GHG emission targets of main nations 
 2030 interim target Long-term target 

UK 
Minimum ▲68% (vs. 1990) 
(equivalent to ▲55.2% vs. 2013) 

2050: Minimum ▲ 100% 
(vs. 1990) 

Germany ▲65% (vs. 1990) 2045: Net zero emissions 

EU 
Minimum ▲55% (vs. 1990) 
(equivalent to▲ 44% vs. 2013) 

2050: Net zero emissions 

US 
▲50-52% (vs. 2005) 
(equivalent to ▲45-47% vs. 2013) 

2050: Net zero emissions 

Japan ▲46% (vs. 2013) 2050: Net zero emissions 

China 

The amount of yearly emissions will be changed to 
decrease by 2030. 
(Reduction of per-GDP emissions exceeding 65% vs. 
2005) 

2060: Net zero emissions 

Although none of these targets can be achieved easily, among the targets, the United Kingdom has set a particularly prominent 
target, as the UK will serve as the presiding country of COP26 in November 2021 and is strongly promoting the introduction of 
renewable energy, including successive development of large-scale wind power projects. In May of 2021, Germany announced 
that it will also raise its emission reduction target to a similar level. While both the EU and the United States are targeting 
reductions of more than 50%, it may be noted that the EU target is set against 1990, the baseline year of the Kyoto Protocol, 
while the United States sets its target against 2005, which was a year with large emissions. Japan’s target of a 46% reduction 
against 2013 is similar to the levels of the EU and US if the targets of each country are compared against 2013. Moreover, since 
China is the world’s largest GHG emitter (approximately 28% according to data for 2017 1)), an announcement of a target on 
this level, even if somewhat more modest, would have an incalculable impact. 

Although these are targets at the national government level, on a private-sector base, various international activities called 
“climate change initiatives” are underway with the aim of encouraging advanced efforts for GHG reduction. Many of these are 
                                                           
* Renewables and Environment Department 
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